Abstract In this paper, the closed-form analytic solutions of two new Faraday's stand- 
Introduction
In theory, it is well-known that the parametric resonance occurs when ω = Ω/2, 48 say, the driving frequency Ω of the bottom is twice the frequency ω of the liquid 49 vibration [1, 2] , which was currently confirmed once again by the excellent experiment 50 of Rajchenbach, Leroux and Clamond [6] . Thus, in this paper, we focus on the case 51 ω = Ω/2 for the parametric resonance.
52
We use here a model based on the symmetry of wave elevation and the linearized 53 Boussinesq equation [7] . Let η(x, τ ) denote the dimensionless wave elevation, where 54 τ = ω t = Ω t/2 denote the dimensionless time and x is the dimensionless horizontal 55 coordinate with x = 0 corresponding to the wave crest. According to the excellent 56 experiment of Rajchenbach, Leroux and Clamond [6], we have many reasons to assume 57 that the wave elevation has either the even symmetry about the wave crest x = 0, i.e.
58
η(x, τ ) = η(−x, τ ), −∞ < x < +∞, (1) or the odd symmetry 59 η(x, τ ) = −η(−x, τ ), −∞ < x < +∞,
respectively. Assuming that the crest is smooth, the even symmetry (1) gives us the 
Besides, the odd symmetry (2) is equivalent to the boundary condition η(0, τ ) = 0.
Using the above symmetry and the boundary condition at x = 0, we only need seek 63 a solution η(x, τ ) in the interval 0 < x < +∞. It should be emphasized that the 64 symmetry plays an important role in our approach, as shown below. † Here, the solitary wave means the localized wave.
Assumed that the fluid is inviscid, incompressible, and the flow is irrotational in 66 0 < x < +∞ (i.e. the flow is not necessarily irrotational at x = 0 ). 
subject to the bounded condition
where g ′ is the so-called dimensionless "apparent gravity acceleration" and the S is a 
where G = g/(hω 2 ) is the dimensionless acceleration of gravity, g is the acceleration 83 due to gravity, F = Γ/g denotes the dimensionless driving acceleration with Γ being 84 the amplitude of the forcing acceleration of the bottom, respectively.
85
Assume that the wave amplitude is so small that all nonlinear terms of (5) 
Our purpose is to find the solutions of Eq. express the standing wave in the form
The above equation can be rewritten as the standard Mathieu equation
where It is well-known that, for a given non-zero parameter q, the corresponding Math- 
111
For given characteristic value a and parameter q = (aF )/2, let us consider the 112 even Mathieu function f (τ ) of (10) with the characteristic exponent r = 1 so that 113 f (τ ) has the period T = 2π. As mentioned above, the characteristic value of the even
114
Mathieu function f (τ ) with characteristic exponent r = 1 given by the parameter q 115 must be equal to the characteristic value a itself. This gives, by means of the computer 116 algebra system Mathematica, the following nonlinear algebraic equation 
is an even Mathieu function with the period 2π. It should be emphasized that the 123 characteristic value a * depends only on the dimensionless driving acceleration F .
124
It is found that the nonlinear algebraic equation (12) easier to be created and observed. We will discuss this later in details. According to (11), as long as the characteristic value a * is known, it is easy to 138 gain the unknown eigenvalue λ by solving the nonlinear algebraic equation
where
Thus, λ is dependent upon the dimensionless gravity acceleration G and the dimen-141 sionless driving acceleration F , since a * is determined by F only. When µ > 3/4, the 142 above nonlinear algebraic equation have four complex roots 
When µ < 0, there are two pure imaginary roots
and two real roots
Thus, when µ > 3/4, we have four complex roots λ = ±α ± βi with α > 0 and 148 β > 0, corresponding to the wave elevation in a general form
where A 1 , A 2 , A 3 and A 4 are constants. However, restricted by the bounded condition 7 (6), only the solution in the form
has physical meanings, where A 0 = A 1 + A 2 and B 0 = (A 1 − A 2 )i are real constants.
152
Thus, using the boundary condition (4) for the odd symmetry and enforcing
153
A 0 = 0, we have the wave elevation
Then, due to the odd symmetry (2), we have the odd-pattern elevation
Similarly, using the boundary condition (3) for the even symmetry (1), we have the 156 even-pattern wave elevation
which has a smooth crest and is valid in the whole domain −∞ < x < +∞. Note 
as shown in Fig. 3 , and the wave elevation with even symmetry and smooth crest 
as shown in Fig. 4 , respectively. According to Fig. 1 
235
Note that,using the even or odd symmetry, we have either the boundary condition
236
(3) or (4) at x = 0, so that it is enough for the governing equation to be satisfied in 237 the interval 0 < x < +∞ except x = 0. This is well-known and widely used in the 238 theory of differential equations.
239
Traditionally, one need give a global expression of a solution in the whole domain.
240
However, this is difficult in many cases. Fortunately, this traditional idea is out of date.
241
In modern mathematics, we often express a smooth function by a lots of local simple 
